STATISTICS AND PROBABILITY APPLIED
TO PROBLEMS OF ANTIAIRCRAFT FIRE
IN WORLD WAR II* '

E. S. Pearson University College, London

THERE ARE situations in which the statistician is called on to give assistance
where exact observational data are so hard to come by that no refined tech-
niques based on mathematical theory can be introduced to solve the problems
under investigation. Nevertheless, the statistician’s training with its under-
standing of the meaning of variation and correlation, of randomness and
probability, and with its emphasis on the importance of adopting a critical
outlook on all assumptions made should help him in handling what at first
sight may seem a most intractable problem.

In 1939, at the beginning of World War II, my statistical group from

* This article is based on a talk given in October 1962 at the Eighth Conference on the
Design of Experiments in Army Research Development and Testing. (Issued as ARO-D
Report 63-2.) Permission for the talk was given by the British Ministry of Defence.
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University College, London, was attached to the British Ordnance Board.
This is an organization of some historical interest, as its origin can be traced
back to an appointment made in 1414, the year of the battle of Agincourt.
The Board had latterly become involved in certain aspects of the development
and acceptance of weapons for the Army, Navy, and Air Force. During the
thirties, it had taken the initiative in putting in hand a variety of research
projects in matters where information was sadly lacking. One of these in-
vestigations, in which the initiative came from Col. A. H. D. Phillips, Super-
intendent of Applied Ballistics, concerned the problem of the lethality of anti-
aircraft weapons. The first assignment of my group on joining the Board was
to carry on and develop the work already in hand in this field.

THE ANTIAIRCRAFT PROBLEM

First let me try to put the problem into its setting of 30 years ago. As
far as the Ordnance Board group was concerned, we had not to consider
problems relating to deployment of guns, acquisition of targets, handling of
mass attacks, or other important tactical matters. These were questions for
the Antiaircraft Command and its Operational Research Section, formed in
the summer of 1940. Our work was closely related to the question of weapon
design; for example, we had to try to understand more clearly the relationships
of the “predictor” that controlled the gun-laying and the setting of the time
fuse, the characteristics of the shell and its explosive filling, and the vulnerabil-
ity of the enemy target to shell fragments, Only then would it be possible
to advise what improvements were feasible and likely to be worthwhile, :

indeed!

Let me first describe the model and the main headings under which gaps
in knowledge had to be filled. The problem was one in the field of probability
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certain numerical parameter values, derived from the analysis of various forms
bservational or experimental data. ‘
“ OTS}?;V form of the model was conditioned by the fac? that, broadly speaking,
the factors concerned could be classed under three head.mg‘s: ) R
(1) The positioning errors, that is to say, the dlStI‘l.bL'lt‘lon ; e wa)mId.
tions around the target aircraft at which a fuse-initiated she
burst. . .
(;Zl; The fragmentation characteristics of the shell. In th;: prc(i).lriecr:l hc;t
heavy antiaircraft guns firing at long rangec,l the 1:’chafnce oenztis fi.om o
be done by fragm
was small, and therefore damage must . |
shell-casing exploded some distance away. T}.us was, of course, long
] i issi ith homing devices. :
before the day of guided.missiles witl . ]
(;) The target vulnerability to shell fragments, that is to say, the d;elstzurf
tive power of fragments, according to their mass and velocity, on hitting

the pilot or vital components of the aircraft.

CONSTRUCTION OF THE MATHEMATICAL MODEL

1 ing wi illery ere
he Positioning Errors. In ground-to-ground firing with alllrtlll? shells, tht °
ion on pattern o -strikes round th
i tl the pattern of shell-s ‘
was a good deal of informa h hl t Tl
i been found to conform roughly to wha known
target. This pattern had ' ’ h o ehs j lllk
lvari istribution, with the density of str alling o
as the bivariate normal distribution, : k. fall ft
as we get further from the center of concentration. For this dlsti‘llt;‘uzonl,
. ’ ili statistica
ich i Il the familiar pattern of observe
which is found to represent we b: tde stea
| i yi the error has two sources as here, contou
data in studying problems where / ‘ Hh‘ hS contow
q ity y ies of concentric, coaxial ellipses as suggested
of equal density are roughly a series Tic, coax ‘ o
in Figure 1, the major axis lying along the line joining gun to target, h_a
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Typical chart showing fall of 50
shot
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is, the largest errors being in range, not direction! Of course, there might
be bias in that what I have termed the center of concentration is not on
target, due perhaps to an error in range-finding or a miscalculation of correc-
tions for wind.

It was a reasonable assumption that a similar distribution of errors in
position would hold in three dimensions in the sky, although the errors would
be much larger in magnitude. However, there was no direct method of ex-
amining the error distribution as in the case of the scatter of shell impacts
in two dimensions on the ground. It is true that some records were available
on the position of shell bursts round a towed target, obtained at antiaircraft
practice camps, using a pair of kinetheodolites at.each end of a baseline
(ie., theodolites taking continuous film records of angles and time). But
these records were not of much value because inevitably the towed target
was moving more slowly than a free-flying aircraft and because in 1940 the
only personnel whom the Army was prepared to spare for special trials were
gunners in course of training.

It would be out of place here to describe the working of the mechanical
“predictors” that controlled the firing of the gun, but a number of sources
of error were involved in the early stages of the war, largely because it was
necessary to have one moving pointer on certain dials followed manually
by a second pointer. Later, there was much improvement when a radar
element was introduced into the predictor. There was also the error involved
in the running of the clockwork time-fuse, even when correctly set.. Some

" useful information on predictor accuracy was obtained in April 1940 from
a trial in which a free-flying aircraft, rather than an aircraft-towed target,
was followed by several predictor and gun crews simultaneously, and camera
recordings of the output dials were synchronised with kinethedolite tracking
of the target. :

However, when German aircraft began to come over England later in
1940, it was at orce clear that the aiming errors under operational conditions
were considerably greater than those estimated from trials. We were up
against the problem of increased operator inaccuracy under battle stress. The
real targets also did not necessarily fly on a straight-line course (as the predic-
tor mechanism assumed) unless on a final bombing run.

All that could be done, therefore, was to assume that under given conditons,
the burst of the shell about the target would occur, on repeated firing, in
a distribution described mathematically by the three-dimensional analogue

of that suggested in Figure 1. The model allowed for the degree of scatter -

in the direction along the shell trajectory and at right angles to this to be
adjusted at will.

*The pattern, with only 50 rounds fired, will not of course be regular, but in the dia-
gram it is seen that 26 out of 50 rounds fall within the theoretical 50% ellipse and 48
of 50 within the 95% ellipse.
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The Fragmentation Problem. Before the war, the standard trials for deter-
mining the fragmentation characteristics of shell were:

(1) Fragmentation in a sandbag ‘“beehive,” the shell fragments being
recovered, passed successively through various sizes of sieve and (above
a certain minimum size) counted and welghed
(2) Trials to measure the dlspersmn .and penetrating power of fragments
by detonating the shell some five feet above ground in a surround of
two-inch-thick wooden targets, placed in a semicircle of, say, 30, 60,
90, or 120 feet radius. The detonation was either at rest or obtained
from firing the shell (fitted with a percussion fuse} at appropriate veloci-
ties against a light bursting-screen sufficient to trigger the shell on impact.

Before refinements were introduced, the number of perforations of the two-
inch targets, or of “throughs,” as they were termed, per unit area was taken
as a comparative index of the damaging power of different types of shell. The
target records showed that the main fragment zone of a shell lay between
two cones whose axes were that of the shell axis and trajectory at time of
burst; in addition there was a small subsidiary nose cone of fragments. If
Figure 2 were rotated in a third dimension about the shell axis, it would map
out these zones. The greater the velocity of the shell, the further forward the
main fragment belt would be thrown.

In addition, analysis of trial data showed that the number of throughs
per unit area, that is, 0, 1, 2, . . ., could be well represented by the terms
of a well-known probability distribution, the Poisson distribution, whose form
depended only on a single parameter, the average number of throughs per
unit area. For example, if on the average there were two throughs per unit
area, the Poisson law gives the chances in any one firing of their being 0,
1,2,3,4,5, 6 throughs as 0.14, 0.27, 0.27, 0.18, 0.09, 0.04, 0.01,

FIGURE 2
Fragment zones
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-

T T~ BURSTING SCREEN

FIGURE 3
Plan of damage trial

Aircraft Vulnerability. In the earliest trials carried out shortly before the
war, an aircraft and an arc of large two-inch thick vertical wooden screens
were placed beyond and on opposite sides of a small burster-screen at which
the shell (with percussion fuse) was fired at a prescribed velocity. Figure
3 illustrates the arrangement. In this way, it was possible to correlate the
dama}ge done to the aircraft with the density of throughs in a second, similarly
constituted fragment stream. By noting and then painting round the fragment
holes after each round was fired, the same targets could be used a large
number of times, varying the aspect of attack and the distance of detonation
as desired.

It was from the observed correlation of density of throughs and damage
to the aircraft that it was possible to introduce into the model calculations

a simplified equivalent vulnerable target. This was represented in the model’

by a sphere of a few feet in radius, such that its perforation by at least
one lethal fragment (defined as a through) would result in a kill,

THE FUNCTION OF THE COMPLETED MODEL

Thi.s'simple model, based on the three-dimensional normal distribution (for
positioning errors), the Poisson distribution (for perforating fragments), and
the equivalent vulnerable target, with bounding surfaces consisting of ellipsoids,
cones, and a sphere, was amenable to computation, provided always that
meaningful numerical values for the varidus Parameters could. be estimated.
But the task of filling in these unsurely known elements was far from simple.
We could not hope to get an absolute value of the probability P defined
above or of the rounds per bird that would correspond with observed results
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against enemy aircraft. In any case, this figure must vary from one type
of engagement to another. But we believed that the model, particularly when
improved by later refinements based on more sophisticated experiments, would

" be of value for comparative purposes. It should throw light on what might

be achieved by improvement in predictor accuracy, in fuse mechanism, in
modification of shell design (for example, by changes in wall thickness and
use of more powerful fillings). This concept of constructing a mathematical
model, the changes in whose end effects (rather than the absolute values)
can be explored by altering the parameter values, is a basic one in operational
research. And it was, of course, the need to introduce a scientific approach
into problems of this kind in wartime which led to the postwar demand
for more operational-research studies, particularly in industry.

FURTHER REFINEMENTS IN EXPERIMENTS AND MODEL

I have mentioned that the construction of a model and the critical testing
of the assumptions on which it has been based, is of value in bringing to
light serious gaps in knowledge. In the present case, one of our early puzzles
was that when shells were burst in flight within the wooden target surround,
the resulting pattern of perforations could not be accurately related to the
pattern from a static burst, merely by adding the component forward velocity
of the shell. Nor was it easy to link the distribution of fragment sizes from
the sandbag collection with the number of perforations of the wood, using
any simple assumptions about velocities and retardations. The essential need
was for more basic physical experimentation; without this, generalization was
impossible.

But such generalization was essential for it was not a practical proposition
to ring all the possible changes in trials, of shell design, explosive filling,
forward velocity of shell on detonation, and so on. Indeed the ultimate objec-
tive must be to predict the characteristics of the fragment distribution for any
desired shell velocity from the drawing-board design and a knowledge of the
particular explosive filling to be used. .

Here we were lucky in getting help from a very skilled scientific team
which had been working on explosives in our Safety in Mines Research Estab-
lishment at Buxton; these men initiated a program of research that gradually
succeeded in disentangling the picture. Shells on which small letters were
engraved in successive rings round the circumference were fired at rest, within
a surround of strawboard against which small velocity measuring screens were
placed. In this way, fragments subsequently collected and weighed could
be identified with a particular zone of the shell, and velocities estimated either
by direct measurement or, more crudely, from the depth of penetration into
the strawboard. '
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It then became clear that the Initial velocity of a fragment varied quite
considerably with the part of the casing from which it came and that its
size (or weight) also varied with position. To some extent this initial velocity
could be related to the dimension of the cross-section of the part of the casing
from which the fragment came. With information of this kind it began to
be possible to relate the damaging power of a shell to its design and explosive
filling.

In another direction the cruder trials, as illustrated in F igure 3 were supple-
mented by firing individual fragments from high-speed, small-bore guns against
selected aircraft components tested in isolation. _

Apart from the work in England, some very extensive and informative
trials were carried. out in the later stages of the war under the direction
of a section of the U.S, Navy’s Applied Physics Laboratory at Silver Spring,
Md,, and at its associated proving ground near Albuquerque.

Looking back after a number of years have passed, it seems to me that
by 1944 we had really broken the back of the problem. It became possible
to make recommendations with some confidence on a number of matters:
on the optimum design characteristics of time-fused and proximity-fused shiells,
on the relative importance of case ‘thickness and explosive filling, on what
might be achieved by using methods to control the size of fragments, and
on the relative gains to be won by improvement in fire control and in design
of shells. Few such questions could have been answered in 1939. .

It is a fact, of course, that much of the fundamental research bearing
on military problems is only rounded off when it is too late to be of use

CONCLUSIONS

The reader of this essay may ask how far the theory and experiment that
it has outlined was statistical, rather than contained within the fields of physics
and mechanics. It is true that the statistical techniques involved were very
elementary, but in order to pull the results together so as to provide compara-
tive figures for the long-run chances of a lethal hit a model with its interpreta-
tion involving the theory of probability had to be introduced.

- As an- interesting corollary, when in.the summer of 1944 the American
radar proximity fuse was used in the British shell to fire against that ideal
antiaircraft target, the V1 flying bomb with its straight-line course, subsequent
calculations showed that the expected rounds per kill (rounds per bird) de-

rived from the appropriate probability model, corresponded approximately
to the actual operational results,
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Finally it seems right to emphasize that in this peculiarly difﬁcul.t ijle‘ld—;he
assessment of the operational performance of weapops—'the- statistician be-
comes the scientist who must merge his statistical identity 1nto. that of a group
of men trained in several disciplines, claiming no undue weight for any one
of them in the search for answers to the problems in hand. -

There are, of course, many other military applicatiosz of statistical tec}lll-
niques, particularly in the field of reliability and quality control. In the
modern version of the antiaircraft pro!:)lem we should find much t.he same
general treatment.arising in estimating-the eﬁ"ectivex}ess of ground to air gu1;ll<.3d
weapons. With the high-speed computers now avaﬁﬂable, a rr.luch. more sop a;(s-
ticated technique of handling the model is po.551ble, buF it still must take
account of factors under the three headings listed earlier; the posmoleflg
and fusé errors, the damaging power of the wa-rheal'd, and the vulnerablhtc){
of the target. * Although a few high-speed pilotless aircraft may be expende
as targets, the number is likely to be far too small to get dlrec‘t, accurate

confirmation of more theoretical estimates of the chanc?s of a kill. In the
German V1 Flying Bomb of 1944, our gunners were provided with a standard
target that, in one sense at least, cost us npthmg!



